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Solving ODEs with Neural Networks

Look for ϕ : R 3 x 7→ ϕ(x) ∈ R s.t.{
F (x, ϕ(x), ϕ′(x), . . . ) = 0, x ∈ [a, b]
G(a, ϕ(a), ϕ′(a), . . . ) = 0

Look among NN ϕθ{
F (x, ϕθ(x), ϕ′θ(x), . . . ) = 0, x ∈ [a, b]
G(a, ϕθ(a), ϕ′θ(a), . . . ) = 0

Rephrase as minimization problem: minimizer over θ

EX∼U([a,b])
[
|F (X,ϕθ(X), ϕ′θ(X), . . . )|2

]
+ |G(a, ϕθ(a), ϕ′θ(a), . . . )|2

Use SGD
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Numerical Illustration

Application to the ODE:{
F (x, ϕ(x), ϕ′(x)) = ϕ′(x)− (x− ϕ(x)), x ∈ [0, 5]
ϕ(0) = 1

Solution:
ϕ(x) = x− 1 + 2e−x

https://colab.research.google.com/drive/1LHuV1oE6eyO6AQgw3joQjow_uozQWSTw?usp=sharing
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Solving PDEs with Neural Networks

Deep Galerkin Method (DGM), proposed by Sirignano & Spiliopoulos [SS18]1

Look for ϕ : Rd 3 x 7→ ϕ(x) ∈ R s.t.{
F (x, ϕ(x), Dϕ(x), D2ϕ(x), . . . ) = 0, x ∈ Ω
G(x, ϕ(x), Dϕ(x), D2ϕ(x), . . . ) = 0, x ∈ ∂Ω

Look among NN ϕθ{
F (x, ϕθ(x), Dϕθ(x), D2ϕθ(x), . . . ) = 0, x ∈ Ω
G(x, ϕθ(x), Dϕθ(x), D2ϕθ(x), . . . ) = 0, x ∈ ∂Ω

Rephrase as minimization problem: minimizer over θ

EX∼U(Ω)
[
|F (X,ϕθ(X), Dϕθ(X), D2ϕθ(X), . . . )|2

]
+ EY∼U(∂Ω)

[
|G(Y, ϕθ(Y ), Dϕθ(Y ), D2ϕθ(Y ), . . . )|2

]
Use SGD
Remarks on the implementation:

I Choice of distribution
I Boundary conditions
I Higher order derivatives computation

1
Sirignano, J., & Spiliopoulos, K. (2018). DGM: A deep learning algorithm for solving partial differential equations. Journal of

computational physics, 375, 1339-1364.
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DGM Architecture

Let
→
x = (t, x) be the input

Architecture: L+ 1 hidden layers (� denotes element-wise multiplication):

S
1 = σ(W1→

x + b
1),

Z
` = σ(Uz,`

→
x +W

z,`
S
` + b

z,`), ` = 1, . . . , L,

G
` = σ(Ug,`

→
x +W

g,`
S

1 + b
g,`), ` = 1, . . . , L,

R
` = σ(Ur,`

→
x +W

r,`
S
` + b

r,`), ` = 1, . . . , L,

H
` = σ(Uh,`

→
x +W

h,`(S` � R`) + b
h,`), ` = 1, . . . , L,

S
`+1 = (1−G`)�H` + Z

` � S`, ` = 1, . . . , L,

f(t, x; θ) = WS
L+1 + b,

The parameters are

θ =
{
W

1
, b

1
,
(
U
α,`

,W
α,`

, b
α,`
)
`=1....,L,α∈{z,g,r,h}

,W, b

}
.

The number of units in each layer is M and σ : RM → RM is an element-wise
nonlinearity:

σ(z) =
(
φ(z1), φ(z2), . . . , φ(zM )

)
,

where φ : R→ R is a nonlinear activation function.
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MFG PDE system

Reminder: (m,u) solving, on [0, T ]× Td,
0 = −∂u

∂t
(t, x)− ν∆u(t, x) +H(x,m(t, ·),∇u(t, x))

0 = ∂m

∂t
(t, x)− ν∆m(t, x)− div (m(t, ·)∂pH(·,m(t),∇u(t, ·))) (x)

u(T, x) = g(x,m(T, ·)), m(0, x) = m0(x)

Or ergodic version: (m,u, λ) on Td
0 = −ν∆u(x) +H(x,m(·),∇u(x)) + λ

0 = −ν∆m(x)− div (m(·)∂pH(·,m,∇u(·))) (x)∫
u(x)dx = 0,

∫
m(x)dx = 1,m > 0

See Lasry & Lions [LL07], Bensoussan, Frehse and Yam [BFY13, Chapter 7]

Analogous PDE systems for MFC problems
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Numerical Illustration 1: Ergodic Example with Explicit Solution

Example (of MFC) with explicit solution on Td (d = 10)
Following Almulla et al. [AFG17], take

f(x,m, v) = 1
2 |v|

2 + f̃(x) + ln(m(x)),

with f̃(x) = 2π2
[
−
∑d

i=1 c sin(2πxi) +
∑d

i=1 |c cos(2πxi)|2
]
− 2
∑d

i=1 c sin(2πxi),

then the solution is given by u(x) = c
∑d

i=1 sin(2πxi) and m(x) = e2u(x)/
∫
e2u

Error vs SGD iterations (see [Carmona, L.’21]):

0 10000 20000 30000 40000 50000 60000 70000 80000
iterations of SGD

10−2

10−1

100

L2 error on u L2 error on μ

Relative L2 error on u and m
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Numerical Illustration 2: Ergodic Example without Explicit Solution

Example (of MFG) without explicit solution on Td (d = 30)
Inspired by Achdou & Capuzzo-Dolcetta [ACD10], take

f(x,m, v) = 1
2 |v|

2 + f̃(x) + |m(x)|2,

with f̃(x) = 2π2c
∑d

i=1 [sin(2πxi) + cos(2πxi)]

PDE residuals vs SGD iterations (see [Carmona, L.’21]):

0 10000 20000 30000 40000 50000
iterations of SGD

10−2

10−1

100

101

102

residual HJB residual KFP

L2 norm of residuals for HJB and KFP
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Numerical Illustration 3: Crowd Trading

Model of crowd trading by Cardaliaguet &Lehalle [CL18]:
dSν̄t = γν̄tdt+ σdWt (price)
dQvt = vtdt (player’s inventory)
dXv,ν̄

t = −vt(Sν̄t + κvt)dt (player’s wealth)

Objective: given (ν̄t)t, maximize

E
[
Xv,ν̄
T +QvTS

ν̄
T −A|QvT |2 − φ

∫ T

0
|Qvt |2dt

]
where: φ,A > 0⇒ penalty for holding inventory

Ansatz (Cartea & Jaimungal [CJ16]): V (t, x, s, q) = x+ qsu(t, q), v̂t(q) = ∂qu(t,q)
2κ

where u(·) solves

−γν̄q = ∂tu− φq2 + sup
v

{v∂qu− κv2}, u(T, q) = −Aq2

Mean field term: at equilibrium

ν̄t =
∫
v̂t(q)m̂(t, dq) =

∫
∂qû(t, q)

2κ m̂(t, dq),

where m̂ solves the KFP equation:

m(0, ·) = m0, ∂tm+ ∂q

(
m
∂qû(t, q)

2κ

)
= 0

9 / 24
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Objective: given (ν̄t)t, maximize

E
[
Xv,ν̄
T +QvTS

ν̄
T −A|QvT |2 − φ

∫ T

0
|Qvt |2dt

]
where: φ,A > 0⇒ penalty for holding inventory
Ansatz (Cartea & Jaimungal [CJ16]): V (t, x, s, q) = x+ qsu(t, q), v̂t(q) = ∂qu(t,q)

2κ
where u(·) solves

−γν̄q = ∂tu− φq2 + sup
v

{v∂qu− κv2}, u(T, q) = −Aq2

Mean field term: at equilibrium

ν̄t =
∫
v̂t(q)m̂(t, dq) =

∫
∂qû(t, q)

2κ m̂(t, dq),

where m̂ solves the KFP equation:

m(0, ·) = m0, ∂tm+ ∂q

(
m
∂qû(t, q)

2κ

)
= 0
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Numerical Illustration 3: Crowd Trading

Reduced forward-backward PDE system:

0 = −∂tu(t, q) + φq2 − |∂qu(t, q)|2

4κ = γν̄tq

0 = ∂tm(t, q) + ∂q

(
m(t, q)∂qu(t, q)

2κ

)
ν̄t =

∫
∂qu(t, q)

2κ m(t, q)dq

m(0, ·) = m0, u(T, q) = −Aq2.

10 / 24



Numerical Illustration 3: Crowd Trading

Numerical results by DGM versus ODE solution
(More details in Carmona & L.’21 [CL21]2; see also Al-Aradi et al. [AACN+19]3):
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Carmona, R., & Laurière, M. (2021). Deep Learning for Mean Field Games and Mean Field Control with Applications to

Finance. arXiv preprint arXiv:2107.04568.
3

Al-Aradi, A., Correia, A., Naiff, D., Jardim, G., & Saporito, Y. (2018). Solving nonlinear and high-dimensional partial
differential equations via deep learning. arXiv preprint arXiv:1811.08782.
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Solving MFG PDE system
Link with Generative Adversarial Networks
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GANs & MFGs

Generative Adversarial Nets Goodfellow et al. [GPAM+14]:
Setup: data space S (e.g. images of fixed size); unknown data distribution pdata
Goal: be able to generate samples according pdata
Given: samples from data, and random noise generator pz over some space Z

Idea: learn G : Z → S such that pz ◦G−1 ≈ pdata
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Setup: data space S (e.g. images of fixed size); unknown data distribution pdata
Goal: be able to generate samples according pdata
Given: samples from data, and random noise generator pz over some space Z

Idea: learn G : Z → S such that pz ◦G−1 ≈ pdata

Idea++: also learn D : S → R to distinguish between samples from pz ◦G−1 and pdata

Mathematically: min-max game between two neural networks Dδ, Gγ (params: δ, γ)

min
γ

max
δ

{
Ex∼Pr [logDδ(x)] + Ez∼Pz [log(1−Dδ(Gγ(z)))]

}
.

Variational MFG: inf
u:[0,T ]×Rd→R

sup
m:[0,T ]×Rd→R

Φ(m,u), where

Φ(m,u) =

∫ T

0

∫
Td

[m(−∂tu− ε∆xu) +mH(x,∇xu,m)] dxdt +

∫
Td

[m(T )u(T )−m0u(0)] dx

→ Conceptual connection GANs/MFGs: Cao, Guo, L. [CGL20]
Related work: Domingo-Enrich et al. [DEJM+20], Onken et al. [LFL+20], . . .
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Outline

1. Deep Galerkin Method for MFG PDEs

2. Master Equation
Master Equation for Finite State MFG
Master Bellman PDE of MFC



Master Equation

Reminder: equilibrium: (u, µ) = sol. starting with m0 at t = 0

Idea: express the value function of a typical player as u(t, x) = U(t, x, µt)

Value function U : PDE on the Wasserstein space

Motivations:
I Unknown initial distribution µ0
I Macroscopic shocks, common noise

Main upshot: optimal behavior for every population configuration

Convergence of N -player games, large deviation principles, . . .
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Finite State MFGs

Finite state MFG:

Finite state space S
µ ∈ ∆|S|

µ̇t = µtQ(µt), Q = transition rate matrix

Master PDE for U :


U(T, x, µ) = g(x, µ)

−∂tU(t, x, µ) = H∗(t, x, µ,U(t, ·, µ))︸ ︷︷ ︸
Hamiltonian

+
∑

x′∈S Q̄
∗(t, µ,U(t, ·, µ))(x′)︸ ︷︷ ︸

avg transition

∂U(t, ·, µ)
∂µ(x′)︸ ︷︷ ︸

classical deriv.

for (t, x, µ) ∈ [0, T ]× S ×∆|S|

Numerical solution?
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Example: Cyber-Security Model

Cyber-security model (see Kolokoltsov & Bensoussan [KB16])

State space: S = {DI,DS,UI, US}
I defended/unprotected
I infected/susceptible

Actions:
I α = 1 (want to switch level of protection)
I or 0 (happy)
I in each case: event happens at rate λ

Time: continuous time, finite time horizon T

Mean field interactions: more infected units⇒ higher infection rate

µ̇(t) = µ(t)

 . . . qDrec αλ 0
qDinf + βD(µDI(t) + µUI(t)) . . . 0 αλ

αλ 0 . . . qUrec
0 αλ qUinf + βU(µUI(t) + µDI(t)) . . .


︸ ︷︷ ︸

transition rates

Running cost:

kD1{DI,DS} + kI1{DI,UI} = cost of defense + penalty for being infected

Terminal cost: 0
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Numerical Illustration: DGM for Master Equation

We apply the Deep Galerkin Method (see L.’21 [Lau21])
Neural network: Uθ to approximate U
Samples: Pick points (t, x, µ) ∈ [0, T ]× S ×∆|S|

Loss: PDE residual + terminal condition

Comparison:
Uθ(t, x, µ(t, ·))
µ(t, x), u(t, x): finite state space→ forward-backward ODE system
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Loss: PDE residual + terminal condition

Comparison:
Uθ(t, x, µ(t, ·))
µ(t, x), u(t, x): finite state space→ forward-backward ODE system
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Comparison:
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Master Bellman PDE of MFC



Master Bellman Equation for MFC

MFC problem with common noise:

JMFC(v) = E
[ ∫ T

0
f(Xt,P0

Xt , vt)dt+ g(XT ,P0
XT )
]
.

subj. to: dXt = b(Xt,P0
Xt , vt)dt+ σdWt + σ0dW

0
t ,

where P0
Xt = conditional law of Xt given the common noise W 0

Master Bellman equation in the Wasserstein space P2(Rd):{
∂tV + F(µ, V, ∂µV, ∂x∂µV, ∂2

µV ) = 0, (t, µ) ∈ [0, T ) ∈ P2(Rd)
V (T, µ) = G(µ), µ ∈ P2(Rd),

where:
I ∂µV (µ)(.) : Rd → Rd, ∂x∂µV (µ)(.) : Rd → Sd, ∂2

µV (µ)(., .) : Rd × Rd → Sd, are
the L-derivatives of V on P2(Rd) (see [Carmona, Delarue’18])

I and

F(µ, y, Z(.),Γ(.),Γ0(., .)) =
∫
Rd
h(x, µ, Z(x),Γ(x))µ(dx) +

∫
Rd×Rd

1
2 tr
(
σ0σ

ᵀ
0 Γ0(x, x′)

)
µ(dx)µ(dx′),

G(µ) =
∫
Rd
g(x, µ)µ(dx),

h(x, µ, z, γ) = inf
a∈A

[
b(x, µ, a).z +

1
2

tr
(
σσ

ᵀ
γ
)

+ f(x, µ, a)
]
.
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Symmetric Neural Networks

N agents→ mean field: µN = 1
N

∑N

i=1 δxi

vN (t, x, x1, . . . , xN ) = V N (t, x, µN )→ V (t, x, µN )

Approximate V (t, x, ·) by a symmetric function of N inputs (N large)

Symmetric Neural Networks:
I Symmetry by construction; e.g. with a sum:

(xi)i=1,...,N 7→
N∑
i=1

ψω(xi) 7→ ϕθ

(
N∑
i=1

ψω(xi)

)
I DeepSets [ZKR+17]4, PointNet [QSMG17]5, . . .

4

Zaheer, M., Kottur, S., Ravanbhakhsh, S., Póczos, B., Salakhutdinov, R., & Smola, A. J. (2017, December). Deep Sets. In
Proceedings of the 31st International Conference on Neural Information Processing Systems (pp. 3394-3404).

5

Qi, C. R., Su, H., Mo, K., & Guibas, L. J. (2017). Pointnet: Deep learning on point sets for 3d classification and
segmentation. In Proceedings of the IEEE conference on computer vision and pattern recognition (pp. 652-660).
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Deep Backward Dynamic Programming for MFC

Deep Learning for MFC with DPP and Symmetric NN (Germain et al. [GLPW21]6)

Symmetric NN: V(t, x1, . . . , xN )
D-Symmetric NN: sym. except in one space variable:

Z(x1, . . . , xN , xi)↔ ∂xiV(x1, . . . , xN ) = 1
N
∂µV

(
1
N

∑
j
xj
)

(xi)

Output: (V̂n, Ẑn)n=0,...,NT s.t. V̂n(x) ≈ V (tn, µNx ) , Ẑn(x, xi) ≈ 1
N
∂µV (tn, µNx )(xi)

1 Set V̂NT (·) = G(·)
2 for n = NT − 1, NT − 2, . . . , 1, 0 do
3 Compute (V̂n, Ẑn) as a minimizer of:

(Vn,Zn) 7→ E
∣∣∣V̂n+1(Xn+1)− Vn(Xn) +H

(
tn,Xn,Vn(Xn),Zn(Xn)

)
∆t

−
N∑
i=1

N∑
j=0

(
Zn(Xn, X

i
n)
)ᵀ
σij∆W j

n

∣∣∣2,
where V̂n is a sym. NN, Ẑn is a D-sym. NN, H = sym. version of h

4 return (V̂n, Ẑn)n=0,...,NT

6
Germain, M., Laurière, M., Pham, H., & Warin, X. (2021). DeepSets and their derivative networks for solving symmetric

PDEs. arXiv preprint arXiv:2103.00838.
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