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1. Introduction
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Reinforcement Learning — Setup

@ Markov Decision Process (MDP): (S, A, p,, ), where:

e S : state space, A : action space,
ep: S x A— P(S) : transition kernel, p(-|s, a) gives next state’s distribution

er:S x A— R:reward function, v € (0,1) : discount factor

@ Goal: Find (stationary, mixed) policy 7* : S — P(A) maximizing:

R(m)=E [Z’y"r(sn,an)‘| , with a,, ~ 7(+[sn), Sn+1 ~ D(*|Sn, an)

n>0
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Reinforcement Learning — Setup

@ Markov Decision Process (MDP): (S, A, p,, ), where:

e S : state space, A : action space,
ep: S x A— P(S) : transition kernel, p(-|s, a) gives next state’s distribution

er:S x A— R:reward function, v € (0,1) : discount factor

@ Goal: Find (stationary, mixed) policy 7* : S — P(A) maximizing:

R(m)=E [Z’y"r(sn,an)‘| , with a,, ~ 7(+[sn), Sn+1 ~ D(*|Sn, an)

n>0

@ Model: p,r

@ Two settings:
(1) Known model : Optimal control theory & methods

(2) Sample transitions & rewards: Reinforcement Learning (RL) framework
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Reinforcement Learning — Paradigm

We want to learn the best control by performing experiments of the form:

Given the current state S;,
(1) Take an action A,
(2) Observe reward Ri+1 & new state Sy

1 Sutton, R. S., & Barto, A. G. (2018). Reinforcement learning: An introduction. MIT press.
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Reinforcement Learning — Paradigm

We want to learn the best control by performing experiments of the form:

Given the current state S;,
(1) Take an action A,
(2) Observe reward Ri+1 & new state Sy

state reward action
S R, A

R\
_S.. | Environment \4—

Source: Sutton & Barto [SB18]"

1 Sutton, R. S., & Barto, A. G. (2018). Reinforcement learning: An introduction. MIT press.
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Reinforcement Learning — Methods

@ Learning the policy:
> Policy Gradient

ot = 9 _ g 0™y 7®)(a|s) = n(s|a, 0F))

5/18



Reinforcement Learning — Methods

@ Learning the policy:
> Policy Gradient

ot = 9 _ g 0™y 7®)(a|s) = n(s|a, 0F))

» PPO, TRPO
> ..

5/18



Reinforcement Learning — Methods

@ Learning the policy:
> Policy Gradient

ot = 9 _ g 0™y 7®)(a|s) = n(s|a, 0F))

» PPO, TRPO
> ..

@ Learning the value function:

> Q-learning
Q* (37 a) = T(S7 a’) +7 m:X ]Es/~p(~ |s,a),a’~m(-|s") |:Q* (5/7 LL/):|

Note: V*(s) = max Q*(s,a), v*(s) = argmax, ¢ 4 Q* (s, a)
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> Deep Q-neural network (DQN)
> ..
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Reinforcement Learning — Methods

@ Learning the policy:
> Policy Gradient

ot = 9 _ g 0™y 7®)(a|s) = n(s|a, 0F))

» PPO, TRPO
> ..

@ Learning the value function:

> Q-learning
Q* (37 a) = T(S7 a’) =+ 7 max ]Es/wp(~ |s,a),a’~m(-|s") |:Q* (5/7 (L/):|

Note: V*(s) = max Q*(s,a), v*(s) = argmax, ¢ 4 Q* (s, a)
a€
> Deep Q-neural network (DQN)
|
@ Hybrid:
> Deep Deterministic Policy Gradient (DDPG)
> Soft Actor Critic (SAC)

>
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2. Mean Field Reinforcement Learning



Problem Formulation

@ Dynamics: discrete time

vyVvyYVvyYvyy

Qe [ 0 e
ans»l = (Xn7 7047,,,,Lbn,6n+1,(n+|), n > 07 XO’ ~ Mo

X3P e X CRY: state, ., € U C R¥ : action

en ~ v : idiosyncratic noise, ¢, ~ v : common noise (random env.)
p(z'|z, a, u): corresponding transition probability distribution

pn € P(X x A): a state-action distribution

7, a policy; randomized actions: oy, ~ mp (|Sn, fin)
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Problem Formulation

@ Dynamics: discrete time

Qe [ 0 e
ans»l = (Xn7 7047:,7,u'nven+17(n+l)7 ”207 XO’ ~ Mo

X3P e X CRY: state, ., € U C R¥ : action

en ~ v : idiosyncratic noise, ¢, ~ v : common noise (random env.)
p(z'|z, a, u): corresponding transition probability distribution

pn € P(X x A): a state-action distribution

mn: a policy; randomized actions: o, ~ mp (+|sn, pn)

® Cost: J(mip) = B0 |0, 7" f (X", s pin)|

@ Two scenarios:
> Cooperative (MFC): Find 7* s.t.

vyVvyYVvyYvyy

7* minimizes 7 — JMFC (1) = J(; ™) where pl = PO o uT
n

» Non-Cooperative (MFG): Find (#, i) s.t.

ﬂn:PO

7 minimizes 7 — JMFG (70 i) = J(m; 1)
XS



MFMDP with Common Noise & Randomization (Carmona, L. & Tan [CLT19a])

@ Key Remark:
o € argmin JY'"%(a) = E [2210 7 F (X5 s uz)] . kn =Py

@

7/18



MFMDP with Common Noise & Randomization (Carmona, L. & Tan [CLT19a])

@ Key Remark:
o € argmin JY'"%(a) = E [2210 7 F (X5 s uz)} . kn =Py

=Eo [ZZO:O ™ / f(x, a, ,uZ) vy, (dz, da)}
X xU

function of v7
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MFMDP with Common Noise & Randomization (Carmona, L. & Tan [CLT19a])

@ Key Remark:
o € argmin JM7C(a) = E, 0 [Z:‘;O (X5, o, uz)] ., pn=P%a

= ]Er“ |:ZZO:O ,Yn/ f(m,a,,uZ) I/;:(dl’,da):|
X xU

function of v7

@ Lifted problem: population / social planner’s optimization problem:
— state = population distribution 1,
— value function = function of the distribution 1

@ Mean Field Markov Decision Process (MFMDP): (S, A, p,7,~), where:

e State space: S =P(X)

e Action space: A = P(X x U) with constraint: pri(a) = u
e Transition function: W= F(u,a,c’) ~plp,a)

e Reward function: Fpa) == [, f (@ a,pa(de,da)
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MFMDP with Common Noise & Randomization (Carmona, L. & Tan [CLT19a])

@ Key Remark:
o € argmin JM"(a) = E, 0 [ZZ‘LO 7" (X uz)] . =Py

= ]Er“ |:ZZO:O an/ f(maanu/;) I/;:(dl’,da):|
X xU

function of v7

@ Lifted problem: population / social planner’s optimization problem:
— state = population distribution 1,
— value function = function of the distribution 1

@ Mean Field Markov Decision Process (MFMDP): (S, A, p,7,~), where:

e State space: S =P(X)
e Action space: A = P(X x U) with constraint: pri(a) = u
o Transition function: p = Flu,a,c) ~p(p,a)
e Reward function: Fpa) == [, f (@ a,pa(de,da)
@ Goal: max. J"( E{Zv 7 (pn. @n) } n ~ T pn) pmgr ~ B(lpn, @n),
" Hy = n

@ Mean field policy: 7 kernel S — P(.A), randomized population-strategies
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Dynamic Programming Principle (DPP)

Theorem: DPP for MFMDP (Carmona, L. & Tan [CLT19a])?
Under suitable conditions,

() = sup J7 () = Sgp{/ [’F(M,&) +AE[J (F(M,M”))Hff(délu)},

A
where the sup is over a subset of {7 : S — P(A)}

Likewise for mean field state-action value function Q*

ZCarmona, R., Lauriere, M., & Tan, Z. (2019). Model-free mean-field reinforcement learning: mean-field MDP and
mean-field Q-learning. arXiv preprint arXiv:1910.12802. (Preliminary version. Update coming soon!)
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Proof: based on “double lifting” Bertsekas & Shreve [BS96]
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Dynamic Programming Principle (DPP)

Theorem: DPP for MFMDP (Carmona, L. & Tan [CLT19a])?
Under suitable conditions,

[f(u, a) +E[J* (F(u.a, C“))H ﬁ(da“‘)}’

A

J* () = sgrp I () = Sl;p{/

where the sup is over a subset of {7 : S — P(A)}

Likewise for mean field state-action value function Q*

Proof: based on “double lifting” Bertsekas & Shreve [BS96]

DPPs for MFC:
[L., Pironneau [LP16]; Pham, et al. [PW17]; Gast et al. [GGLB12]; Guo et
al. [GGWX20]; Possamai et al. [DPT19];...]

2Ca\rmona, R., Lauriere, M., & Tan, Z. (2019). Model-free mean-field reinforcement learning: mean-field MDP and
mean-field Q-learning. arXiv preprint arXiv:1910.12802. (Preliminary version. Update coming soon!)
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Dynamic Programming Principle (DPP)

Theorem: DPP for MFMDP (Carmona, L. & Tan [CLT19a])?
Under suitable conditions,

|:’7'(M7 a) +~E [j* (F'(M, a, c“))]} ﬁ(délu)},

A

J* () = sgp I () = Sl;(p{/

where the sup is over a subset of {7 : S — P(A)}

Likewise for mean field state-action value function Q*

Proof: based on “double lifting” Bertsekas & Shreve [BS96]

DPPs for MFC:
[L., Pironneau [LP16]; Pham, et al. [PW17]; Gast et al. [GGLB12]; Guo et
al. [GGWX20]; Possamai et al. [DPT19];...]

Here: discrete time, infinite horizon, common noise, feedback controls, ...
— well-suited for RL
— Mean-field Q-learning algorithm

ZCarmona, R., Lauriere, M., & Tan, Z. (2019). Model-free mean-field reinforcement learning: mean-field MDP and
mean-field Q-learning. arXiv preprint arXiv:1910.12802. (Preliminary version. Update coming soon!)



Mean Field Learning Settings

Hierarchy of settings:

e Setting 1: known model: computational method based on knowledge of MFMDP
(a) Gradient based methods
(b) Dynamic programming based methods
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Mean Field Learning Settings

Hierarchy of settings:

e Setting 1: known model: computational method based on knowledge of MFMDP
(a) Gradient based methods
(b) Dynamic programming based methods

e Setting 2: unknown model but samples from MFMDP: MF learning

2-

Cost, Distrib.
I Hn

Bl el Sl Action

an
Cost Distrib.

- Hng
Fnia

Environment

e Setting 3: unknown model but samples from N-agent MDP: approx. MF learning

Agent
Emp. Cost Emp. Distrib.

7 Tf,“,’

PR G R Action
a,

Emp. Cost Emp. Distrib.

N N

T Fint1



Mean Field Control: Finite Population Approximation

MFRL
EN €M

N-agent M-agent
R. Learning Situation

10/18



Outline

3. Model-Free Policy Gradient



Algorithm

Idea 1: Make the “policy gradient” approach (see Part 5 of lecture slides) model-free
Policy Gradient (PG) to minimize J(0)

e Control &~ parameterized function

e Look for the optimal parameter 0*

e Perform gradient descent on the space of parameters
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e Control &~ parameterized function

e Look for the optimal parameter 6*

e Perform gradient descent on the space of parameters
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Algorithm

Idea 1: Make the “policy gradient” approach (see Part 5 of lecture slides) model-free
Policy Gradient (PG) to minimize J(0)

e Control &~ parameterized function

e Look for the optimal parameter 0*

e Perform gradient descent on the space of parameters

Hierarchy of three situations, more and more complex:

(1) access to the exact (mean field) model: 00D = 9™ _ v J (W)
(2) access to a mean field simulator:
— idem + gradient estimation (0**-order opt.): Ot = 9™ _ v y(e®)

(3) access to a N-agent population simulator:
— idem + error on mean ~ empirical mean (LLN): %% = ¢® — oV j(9®)

Theorem: For Linear-Quadratic MFC (Carmona, L. & Tan [CLT19b])%]
In each case, convergence holds at a linear rate:
Taking k ~ O(log(1/¢)) is sufficient to ensure J(0) — J(07) < .

Proof: builds on Fazel et al. [FGKM18], analysis of perturbation of Riccati equations

SCarmona, R., Lauriere, M., & Tan, Z. (2019). Linear-quadratic mean-field reinforcement learning: convergence of policy
gradient methods. arXiv preprint arXiv:1910.04295.
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Numerical Illustration

Example: Linear dynamics, quadratic costs of the type:

famn= @-of + L. a= [
distance to  Cost of e
mean position ~ MoOvVINg mean position

‘‘‘‘‘‘‘‘‘

Value of the MF cost Rel. err. on MF cost
MF cost = cost in the mean field problem
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Numerical lllustration

Example: Linear dynamics, quadratic costs of the type:

feme)= (-2 + o, = /u(&)dé,
——

~—~
distance o costof —
mean position  Moving mean position

Tt gt o
’l""'ij%ﬁ"ﬁ'% fﬁ“" 5!,‘%

10
09
Q 1000 2000 3000 w00 5000 @ 1000 2000 3000 00 5000

iterat iteration

Value of the social cost Rel. err. on social cost
Social cost = average over the N-agents
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Numerical Illustration

Example: Linear dynamics, quadratic costs of the type:

famn= @-of + L. a= [
distance to  Cost of —
mean position ~ MoOvVINg mean position

\__. Ty
. ,h,u'%ﬂfu'.% f;‘.ﬂ\l' !3!,?

10
09

Q 1000 2000 3000 w00 5000 @ 1000 2000 3000 00 5000
““““ ton iteration

Value of the social cost Rel. err. on social cost
Social cost = average over the N-agents
Main take-away:

Trying to learn the mean-field regime solution can be efficient even for N small
12/18
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4. Q-Learning



Mean Field Q-Function

Idea 2: Generalize Q-learning to Mean-Field Control

Reminder:
@ Mean Field Markov Decision Process (MFMDP): (S, A, p, 7,), where:

o State space: S=PX)

e Action space: A = P(X x U) with constraint: pri(a) = u
o Transition function: p = Flu,a,c) ~p(u,a)

¢ Reward function: r(p,a) = — fXxL{ f(z,a, p)a(dz, da)

oo

® Goal: max. J"(u) =E[ 9" (ulan) |, an ~ A1), pier ~ POl 00,

n=0

pé = p
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Mean Field Q-Function

Idea 2: Generalize Q-learning to Mean-Field Control

Reminder:
@ Mean Field Markov Decision Process (MFMDP): (S, A, p, 7,), where:

o State space: S=PX)
e Action space: A = P(X x U) with constraint: pri(a) = u
e Transition function: w = F(p,a,c’) ~ pp,a)
¢ Reward function: r(p,a) = — fXxL{ f(z,a,p)a(dz, da)
@ Goal: max. J"(u) =E [Z 37 (s an)} n ~ sy pin ~ (|, an),
n=0

pé = p
Q-function associated to a policy :

Q" (s,a) =7(s,a) + YEsnp(|s,a),a'~r (] [ S/»a/)]
Mean Field Q-function associated to a mean field policy
)

Q" (
T
Q%(ga (jl) (S (I) + IYE&’Np( |5,a),a’~7(-|5") |:Q (g/vd/ :|
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MF Q-Learning

@ Optimal MF Q-function:

Q*(§7 5') = F(ga a) + 'YSl}PEa’~ﬁ(~|§),§'~ﬁ(-\§,a/) {Q*(g/: a,)}

@ Algorithm:
o |dealized version (synchronous):
QU (5,0) = 7(5,) + 7 sup Bt g s arrcio) [QUGE@)], (.)€ Sx A
= [1"Q™](5,a)
o Following a trajectory (async.): 3¢9 ~ p(-|5®), a®)), g1 ~ 740 (509,

{Q“‘“’(s, a)=QW(s,a), (5a)eSxA

Q_(k+1) (g(k+1)’ &(k+1)) — f(g(}ﬂ'l)’ &(R‘FU) + vy max, Q(k) (g(k+1)’ &/)

@ Implementation: several possibilities (can be combined):

> pure (population and individual) strategies
» discretization of § = P(X), A = P(X x U)
> deep Reinforcement Learning

14/18



MF Q-Learning: Numerical lllustration

Cyber-security example of Kolokoltsov, Bensoussan [KB16] (see Part 6 of slides)

@ MFC viewpoint, MF Q-learning
@ pure (population and individual) strategies
@ discretization of S = P(X), A = P(X x U)
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MF Q-Learning: Numerical lllustration

Cyber-security example of Kolokoltsov, Bensoussan [KB16] (see Part 6 of slides)

@ MFC viewpoint, MF Q-learning

@ pure (population and individual) strategies
@ discretization of S = P(X), A = P(X x U)

Test 1: mg = (1/4,1/4,1/4,1/4)

05 7
4
) A7 e B
4 -/A“o‘
/Al — Mooelx=1) — motx=1)
0.3 —= mopelx=2) === molx=2)
€ Mooelx=3)  w w molx=3)

— Moo =) .o mox=4)

time
Evolution of m "0 optimally controlled (m o p ) or
controlled using the approximate Q-function (mg)

(More details in L.’21 [Lau21])

time
V function (Vo) and approximate Q-function (Vg)
along the optimal flow.
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MF Q-Learning: Numerical lllustration

Cyber-security example of Kolokoltsov, Bensoussan [KB16] (see Part 6 of slides)

@ MFC viewpoint, MF Q-learning
@ pure (population and individual) strategies
@ discretization of S = P(X), A = P(X x U)

Test 2: mo = (1,0,0,0)

10 — Mopelx=1)  —— molx=1)

== Mopelx=2) === mo(x=2)
Mooe(x=3)  w w mglx=3) 065
08 — Mope(x=4) .o mg(x=4)

S 7 7 4 s To 3 3 : G [ 10
time time

Evolution of m "0 optimally controlled (m o p ) or V function (V,,+) and approximate Q-function (V)

controlled using the approximate Q-function (mg) along the optimal flow.

(More details in L.’21 [Lau21])
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MF Q-Learning: Numerical lllustration

Cyber-security example of Kolokoltsov, Bensoussan [KB16] (see Part 6 of slides)

@ MFC viewpoint, MF Q-learning

@ pure (population and individual) strategies
@ discretization of S = P(X), A = P(X x U)

Test 3: mo = (0,0,0,1)

107 —— Mopelx=1) —— mo(x=1)
== Mopelx=2) === mo(x=2)
Mooe(x=3)  w w mglx=3)
08 "\ — Moo =4) e mgix=4)
\\A\
~
06 e ———
£
04 P
o
o
.
02 o
»
v
”
00
0 2 4 6 8 10

time
Evolution of m "0 optimally controlled (m o p ) or
controlled using the approximate Q-function (mg)

(More details in L.’21 [Lau21])

0 2 4 6 8 10
time

V function (Vo) and approximate Q-function (Vg)
along the optimal flow.

15/18



Summary
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